Digitization & Digital Control



Digitization

Continuous Controller

G(s)

(1)




Digitization

)+ S o [HGT) u(t) y(@)
| Equation DIA > G(s) >
+ A
|
|
|
|




Digitization

Continuous control, u(?)

¢Z0OH(zero order hold)



Laplace Transforms

= Laplace Transform

L[f(t)]=F(s) = j: f (t)e*dt
L[f (t)]=sF(s)

y(t) +ay(t) +by(t) = u(t)
s?Y (s) +asY (s)+bY (s) =U (s)
G(s)= &) Y(S) 1

U(s) s*+as+b




Z-Transform

= 7-Transform
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Z-Transform

y(k) = —a,y(k —1) —a,y(k - 2) +bu(k) + bu(k —1) + bu(k — 2)
Y(z)=-a,27'Y(2)-a,27°Y (z) +bU (2) +b,z U (2) + b,z U (2)

Y(z) by+bz7t+b,z”
U(z) 1+az'+a,z”




Z-transform example
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Inverse z-tranform
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System Response: continuous-time

y(t) = ay(t) +u(t)

sY(s)=aY(s)+U(s) Y9 . G 9
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System Response: continuous-time
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To be stable: a <0



System Response

y()=ay(k-D+u(k) . o
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Y(2)=az'Y(z)+U(2)
G(2) = Y(z) 1 2
_U(z) l-az' z-a
Z

U(z)=—— —

V4 V4

Y(2)=6(2)U(2) = ———




System Response

Y(z) _ Z _a/(a—1)+1/(1—a)
Z _(z—a)(z—l)_ Z—a z-1
Y(Z):za/(a—l)Jrz/(l—a)
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To be stable: |a| <1



Continuous-Time System
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2"d order System
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2"d order System
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Relationship Between s and z

f(t)=e,t>0

F(s):i—> pole:s=-a
S+a

F(KT)=e ™ k>0
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Relationship Between s and z
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Figure 6-6 Mapping the primary strip into the z-plane.



Relationship Between s and z
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Relationship Between s and z
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Relationship Between s and z
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Mapping s-plane into z-plane
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Continuous-Time System
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Figure 6-11 Transient response characteristics of the z-plane pole locations.



Final Value Theorem

lim x(t) = X, = I|m sX(S)

t—oo

If the poles of sX (s) are inside the left half plane

lim x(K) = X, —I|m(1 27X (2)

k—o0

if the poles of (L1—z )X (z) are inside the unit circle



Final Value Theorem
Example: DC gain

G(z) = X(z) 0.58(1+7z)
- U (2) ~ 7+0.16
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Digital Controller Design

= Design by Emulation-Approximation
= Euler’s Method
= Tustin’s Method
= Discrete Design (Direct Digital Design)
= Root Locus
= Bode Plot



Design by Emulation
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Design by Emulation
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Backward Rectangular Rule
(Euler’'s Method)

u(k)=u(k =1) +T -e(k) A ) o(kT)
U(z)=z"U(2)+T-E(2) e(kT—T)/
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Backward Rectangular
Rule(Euler’'s Method)

E(s) =sU(s)
e(t) =u(t)
u(t)—u(t-T)
T
ut) =u(t—-T)+T -e(t)
UKT) ~u(kT =T)+T -e(kT)

e(t) =




Forward Rectangular Rule
(Euler's Method)

u(k) =u(k =) +T -e(k —1)

U()=zU(@)+T-2E(x) A D Lot
Uiz T7z4 T 1 e(kT—T)Z
E(z) 1-z% z—l_(z—lj
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Forward Rectangular Rule
(Euler’'s Method)

E(s) =sU(s)
e(t) =u(t)
u(t+T)—u(t)

T
Ut+T)=u(t)+T -e(t)
u(k+21) ~u(k)+T -e(k)
zU(z) =U(2)+TE(2)
U(z) T
E(z) z-1

e(t) =



Tustin’s Method (Trapezoidal Rule,

Bilinear Transform)

u(k) = u(k —1) +TE[e(k “1)+e(K)]

U(z2)=z"U(2) —I—TE[Z_lE(Z) +E(2)]
U(z) T(1+2* 1
E(z) 2\1-z7%) 2[1— zlj

Tl1+z1
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1st Order Digital Filter

G(s):Y(S) _ 1

U(s) 1+s/o,
Y(2) 1 To,
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1st Order Digital Filter

Tow, +1-27)Y(2) =ToU(2)
T, +)Y(2)-27Y(2) =ToU(2)

1
Y (z) = (Twc+1)[z Y(2)+TolU(2)|
y(K) = ——[y(k -1+ Tou(k)]

(Tow, +1)



2nd Order Digital Filter
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