Discrete-Time
State-Space Design



State Equation

= Continuous-Time

X(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

= Discrete-Time

x(k +1) = Ax(K) + Bu(k)
v(k) = Cx(k) + Du(k)



Example

y(k+2)=u(k)+1.7y(k+1)-0.72y(k)

Let

X, (k) = y(k)

X, (K) =% (k+1)=y(k+1)

Then

X (K +1) = X, (K)

X,(k+1)=y(k+2) =-0.72x, (k) +1.7%, (k) + u(k)

(k+2)] [0 1x(k)] [0 (1)
x,(k+1) | |-0.72 17| x (k)| |1
xl(k)}

y(k)=[1 O]L (k)



Review: Continuous-Time Control Canonical
Form

4y, , YO, O,
A e Ay (D) =u()

X (t) — y(t)
X, (t) — y(l) (t)

X, (t) = y" P (t)



Review: Continuous-Time Control Canonical
Form

X (t) = y(l) (t) = X, (t)
(1) = Y2 () = X, (t)

Xn (t) — y(n) (t) =—dy X (t) — X, (t) ——an X, (t) + U(t)

0 1 o ... O 0

0 0 1 - 0 0
Al : f . . B=|:|

0 0 0 1

__ao -4 —4, _an—l_ _1_
C=[1 0 0 0],D=0



Review: Continuous-Time Control Canonical

Form
d"y(t) d"y(t) dy(t)
+a +eot +a,y(t
dtn n-1 dtn—l a1 dt Oy( )
d"u(t) d"“u(t) du(t)
=D +b et +byu(t
n-1 dtn—l n—2 dtn—2 bl dt 0 ()
n-1 n-2
G(s) = Y(s) _ b S+ bn—zj + +b,s+Db,
U(s) s"+a ,S" + - - - +aS+a,
n-1 n-2
G(s) = Y(s) _ b s +b _,s 7+ +bs+b, Z(s)

“U@Gs) s"+a s"t+ - - - +as+a,  Z(s)



Review: Continuous-Time Control Canonical
Form

U(s)=(s"+a,,s""+ - - - +a5+3;)Z(s)

Y(s)=(b, 8" +b, 8" 7+ - - - +bs+Dy)Z(s)

d"z(t) d"'z(t) . dz(t) B
dtn +a‘n—1 dtn—l T +a1 dt +aOZ(t)_u(t)

Xl(t) — Z(t)
Xy (t) =zY (t)

X (1) =27 (1)



Review: Continuous-Time Control Canonical

Form
%, (1) = 22(t) = X, (t)
%, (1) = 2 (t) = %, (t)
Xn (t) =z (t) =—qyX (t) —a X, (t) — A g X (t) + U(t)
B d"tz(t) d"*z(t) w
y(t)=Db_ e +b,_, o2 +--+b m +b,z(t)

=0, X, (1) + 0, X, 5 (t) + -+ +0,%, (1) + by %, ()



Review: Continuous-Time Control Canonical

Form
_xl_ 0 1 0 "xl_ (0 |
%l 0 ’ O] 2
_Xn_ __aO _al _a2 _an—l__xn_ _1_
e




Review: Continuous-Time Control Canonical

Form
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Review: Continuous-Time Control Canonical

Form
G(S):Y(S)z : 532+4
U(s) s°+2s°+3s+1
Y(S) 5s+4 Z(s)

U(s) s*+2s2+3s+1 Z(s)

U(s)=(s°+25° +35+1) Z(s)
Y(s)=(5s+4)Z(s)

X, =Z,X =2,X; =2



Review: Continuous-Time Control Canonical

Form

X, = X,
X, = X,
X =7 ==X —3X, — 2%, + U
y = 4X, +5X,
x| [0 1 0][x] [0
X, =0 0 1|/x,|+]/0]|u
X -1 3 2% | |1

"
y=[4 5 0]l x,

R




Review: Continuous-Time Control Canonical
Form

> 5
lx2>1x1>4 %"'Y(s)
+




Discrete-Time Control Canonical Form

y(k+n)+a ,y(k+n-1)+---+ay(k+1)+a,y(k) =u(k)

Y(z) 1

G(Z): N n-1
U(z) z'+a,,2 "+ - - - +az+4a,

X, (k) = y(k)
X, (k) = y(k+1)

X, (k) - y(k+n-1)



Discrete-Time Control Canonical Form

% (k+1) = y(k+1) =, (K)
% (K +1) = y(k +2) = %, (K)

X (k +1) — y(k + n) = _aoxl(k) — X (k) ——a X, (k) + U(k)

y(k) = x, (k)



Discrete-Time Control Canonical Form

xk+D] [0 1 0 - 0 |[x(k)] [0]
R R\ Y R %
kD] |- s —a, - -a ||| |L

X, (k)

y(k)=[1 0 - 0 0] Xsz)

0,00,



Discrete-Time Control Canonical Form

y(k+n)+a _,y(k+n-1)+---+ay(k+1)+a,y(k)
=b _uk+n-1)+b _,utk+n-2)+---+bu(k +1)+bu(k)

Y(z) b _z2""+b ,z2"%+ - - - +bz+bh,
G(z) = =T —
U(z) z"+a 2"+ - - - +az+a,
n-1 n-2
G(z)—Y(Z) bz b,z + - - - +hz+by E(27)

U@  "+a "'+ - - - +az+a, E(2)



Discrete-Time Control Canonical Form

U(2)=(2"+a,,2""+ - - - +az+a,)E(2)
Y(2)=(b_ 2"t +b, 2"+ - - - +bz+hy)E(2)
e(k+n)+a,ek+n-1)+ - - - +ae(k+1)+aek)=u(k)
X (k) =e(k)

X, (k) =e(k +1)

x (k) =e(k +n—1)



Discrete-Time Control Canonical Form

X (k +1) = e(k +1) = x, (k)
X, (k +1) = e(k +2) = x,(K)

X, (K +1) = e(k + ) = ~a% (k) — X, (K) =+~ a, %, (k) + u(k)

y(k)=b_e(k+n-1)+b_e(k+n—2)+---+be(k +1)+be(k)
- bn—lxn (k) + bn—ZXn—l(k) Tt b1X2 (k) + box1(k)



Discrete-Time Control Canonical Form

X (K+1) | 0 1 0 - 0 |[xk)] o

,k+)| [0 0O 1 - O xz(k)+0u(k)

X, (k+D) | |-, -a -a, - —a [ X (k)] [1)
%, (k) |

y()=[b, b - b, b,] xsz)

X, (K) |



Discrete-Time Control Canonical Form

O Y(z)

Uz 1 E@) z
O

(a) y(k)
+ -
by b by
u(k) Xn(k)
| T = =gl AT \ T x;(k)
xa(k)
—an-1
-a,
-39
(b)

Figure 2-9 Equivalent representations of equation (2-51): (a) signal flow graph
representation; (b) simulation diagram.



Review: Continuous-Time System

0%

= e K== & ==(matrix exponential function)

%(t) = AX(t)
x(t) = e*x(0)

A’t? A't" o1 .- 0

e =1+At+ b | =|
n! :




Review: Continuous-Time System

At ng n—1

de =A+A2t+---+At T

dt (n-1)!
A2t2 At . At

=A| | + At+ > +--- |=Ae X(t) = Ae™ x(0) = Ax(t)
242

= I+At+A2t +---]A=eAtA

sX (s) — x(0) = AX (s) X (s) = (sl —A) " x(0)

[REN

X(t) = £1[X (s)] = £ [(sl —A) }x(O)

e = £ (s1-A)" | £e" ]=(sl -A)"



Review: Continuous-Time System

%(t) — Ax(t) = Bu(t)
e " [X(t) - Ax(t)] =e Bu(t)

%[e"“x(t)] =e (1) - Ae Mx(t) =e " [X(t) - AX(t)]
%[e"“x(t)] =e MBu(t)

e M x(t) — x(0) = I;G_ATBU(T)dT

X(t) = e*x(0) + j;eA(t‘T)Bu(r)dr



Review: Continuous-Time System

X(s)=£|e" |x(0)+£|e™ | £[Bu(t)]

X(t) = £7[X(s)] =e*x(0) +| e |*[Bu(t)]

— e"x(0) + j; e IBu(7)d 7



Review: Continuous-Time System

X(t) =e*x(0) + [ """ Bu(r)dz

Atg o Aty A(ty+t)

€ =€

t t
x(t) = ey (0) + _[OO A By (7)d 7z + | e Bu(r)dr

[

= Al (eAtox(O) +[ eA(tO_”Bu(r)dr) + [ " 7Bu(r)dz

ty

t
x(t) = e Ox(t,) + t e’ IBu(r)dr

y(t) = Cx(t) + Du(t) = Ce""x(t,) + C : e’ Bu(r)dz + Du(t)



Discrete-Time State Equations

U(t) = AV(t) + B,u(t)
y(t) = Cov(t) + D,u(t)

v(t) =e*(t,) + [ e OBu(r)dz
t=KT +T,t, =KT
V(KT +T) = e’%Tv(kT)+u(kT)j e T+T-)B (7

M(s) 1] U(s) Y(s)
E 1-€ > G (s) F——
S

T

Y

Figure 4-19 Sampled-data system.



Discrete-Time State Equations

X(k +1) = Ax(k) + Bu(k)
y(k) =Cx(k)+ Du(k)

x(k) = v(KT)
A=e"'

KT +T

B = et TIB dr =(LT eA”dT) B.

KT



Review: Continuous-Time System

X = AX+ Bu
y =Cx+ Du
X, | | X,(8)
X, (S
y — X.z X (s) = 2:()
Xy X (8)

sX (s)—x(0) = AX(s)+BU(s)
Y(s)=CX(s)+DU(s)



Review: Continuous-Time System

X (s) =(sl —A)" x(0)+(sl —A)  BU(s)
Y(s)=C(sl - A)" x(0)+| C(sl ~A) " B+D |U(s)
Y (s) = [c (sl —A) B+ D]u (s)

G(s)=C(sl —A) "' B+D

Y (s)=G(s)U(s)



Review: Continuous-Time System

Example
_ 0 1 0
X= X+ u

y=[1 0]x

s 0] [o 1) [s 17"
0 s| |2 =3|)] |2 s+3
B 1 s+3 1
5243542 =2 s

1 s+3 1}|0 1
G(s) = 10 =
) 32+3s+2[ ]{ —2 SMJ 5% +35+2




Review: Continuous-Time System

Example
0 1 0
X = X+| |u
-2 -3 1
y=[1 0]x+4u
s+3 1|0
G(s)=—5———[1 0] cao— L L4
S°+35+2 -2 sl S +35+2
48" +125+9

s +35+2



Review: Continuous-Time System

= Poles and eigenvalues

sl —Al=0
Ax=sx (x=0)

(sl —A)x=0



Discrete State Equation: Transfer Function

zX(z) = AX(z)+BU(2)
Y(z)=CX(z)+DU(2)

(zI - A)X(z) =BU(2)

X (z)=(zl = A) " BU(2)
Y(z)=C(zl -A) BU(z)+DU(2)
G(z)=C(z1 -A) B+D



Discrete State Equation: Poles

(zI - A)[=0




State Feedback Controller

x(k +1) = Ax(k) + Bu(k)

u = —Kx(k)
x(k +1) = Ax(k) — BKx(k) = (A— BK ) x(k)

2l -(A-BK)|=0



Discrete-Time State Estimator

X(k +1) = A X(k)+B,u(k)+ Ly(k)

X(k) = x(k),k > o
e=X—X e >0,k >
X(k +1) — X(k +1) = Ax(k) + Bu(k) — A.X(k) — B,u(k) — Ly(k)

= AX(K) + Bu(k) — A 8(k) - B,u(k) — LCx(k)
= (A—-LC)x(k) - Ax(k) +(B—B,)u(k)

A=A-LC B,=B e(k+1)=(A-LC)e(k)

R(k +1) = (A= LC)R(K) + Bu(k) + Ly(k)
= AR(K) + Bu(k) + L(y(k) —CR(k))



Estimator-Based Controller

%(k +1) = AR(k) — BKR(K) + L ( y(k) —C&(k))
u(k) = —KR(K)

= With a non-zero reference step

X(k +1) = AX(k) + B (K, ref —KX(k))+L(y(k)-Cx(k))
u(k) = K ref — Kx(k)



Closed-Loop

= With a non-zero reference step

x(k +1) = Ax(k) + Bu(k) = Ax(k) + B (K,ref — KX(k))
f(k +1) = Ax(k) + B (K,ref — KR(k))+ L (y(k)—CR(K))

x(k+)] | A -BK x(k)| | B
) — T+ K, ref
X(k+1)] |LC A-BK-LC| x(k)| |B




MATLAB

Ts=1/100; % sampling period
Gc=ss([0 10;0 -10],[0;10],[1 0],0)
Gd=c2d(Gc,Ts,'zoh")

[A,B,C,D, Ts]=ssdata(Gd)
pcl=-10+12%j,pc2=-10-12%]j
p=[exp(Ts*pcl) exp(Ts*pc2)]
pe=[exp(Ts*pcl*5) exp(Ts*pc2*5)]

K=acker(A,B,p)
G=acker(A',C',pe)’



