Chapter 14
Nonlinear Design Tools

Sliding Mode Control
Backstepping



Sliding Mode Control

Example
1 =x2 @2 = h(z) +g(z)u, g(x)>go>0
Sliding Manifold (Surface):
s =ajx1 +x2 =0

s(t) =0 = 1 = —a1xq

air >0 = lim x(t) =0

t— o0

How can we bring the trajectory to the manifold s = 0?

How can we maintain it there?



§ = a1®1 + 2 = a1xs + h(x) + g(x)u

Suppose
h
ekl L P
g(x)
V =142

V = 55 = slaiza+h(z)|+g(x)su < g(z)|s|e(z)+g(z)su
B(x) = e(x) + Bo, Bo >0
s >0, u=—08(x)
V < g(z)|s|e(x) — g(=)B(z)|s]
V < g(x)|s|e(x) — g(=)(e(x) + Bo)|s| = —g(x)Bols]



s <0, u=pg(=x)

V < g(a)|sle(z) + g(z)su = g(z)|s|e(x) — g(x)B(z)|s]
V < g(@)sle(x) — g(x)(e(@) + Bo)ls| = —g(a)Bols|

1, s >0
Sgn(s):{_l s <0
u = —(3(x) sgn(s)

V < —g(x)Bols| < —goBols|

V < —goBoV2V



V < —goBoV2V

dV
VvV
V(s(t))

2VV < —goBoV2t
V(s(0))

VVE®) < VV(E0) - 9050% t

< —goBoV2 dt

|s(t)] < [s(0)] = goBo t
s(t) reaches zero in finite time

Once on the surface s = 0, the trajectory cannot leave it



s=0

B

What is the region of validity?




1 = xg a2 = h(x) — g(x)B(x)sgn(s)
1 = —ai1x1+s §=ajxs+ h(x) — g(x)B(x)sgn(s)
ss < —goPols|, 1fB(x) > o(x) + Bo

1_.2

Vi =x121 = —alw% + x5 < —ala::% + |z1|e <0

c
V|s| <cand |zi| > —

ay
C
0= {ler| < = fsl <
al
ai1xs + h(x)

(2 Is positively invariant if

< o(x) over (2

g(x)
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Chattering

Sliding manifold

How can we reduce or eliminate chattering?



pendulum equation

Ty = I
&y = —(g0/f)sin(zy + 61) — (ko/m)z2 + (1/ml*)u
u = —ksgn(s) = —ksgn(ayx, + x3)

to stabilize the pendﬁlum at 01 = m/2, where z1 = 0 -6, and 9 = 0. The constants

m, £, kg, and go are the mass, length, coefficient of friction, and acceleration due to

gravity, respectively. We take a; = 1 and & = 4. The gain k = 4 is chosen by using

a1y + h(x)
g

= Jfg(m — ko)xo — mgol 005(331)’

< lm—ko|(21) + mgol < 3.68

where the bound is calculated over the set {|z:1| < m, |21 + 22| < 7} for 0.05 <
m < 0.2,0.9 <f <11, and 0 < kg < 0.05. The simulation is performed by using
m = 0.1, £ = 1, and ky = 0.02. Figure 14.4 shows ideal sliding mode control,
while Figure 14.5 shows a nonideal case where switching is delayed by unmodeled
actuator dynamics having the transfer function 1/(0.01s + 1)2.
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Figure 14.4: ldeal sliding mode control.
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Figure 14.5: Sliding mode control with unmodeled actuator dynamics.
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Reduce the amplitude of the signum function

$ = ajxs + h(x) 4+ g(x)u

_ . g(x) . N g(x)

o) = 1{1 g(x)] 2+ h{(@) = 25
|@ <o@), Bla)> el@)+ Bo
g(x)

v = —fB(x) sgn(s)



amplitude of the switching component would be smaller. For example, returning
to the pendulum equation and taking m = 0.125, £ = 1, ky = 0.025 to be nominal
values of m, £, ky, we have

’ﬂ%‘_)

— |(a1m€2 — a1ml? — kol® + F?:ofz) o — go(ml — ?‘h@) coszy| < 1.83
g .

where the bound is calculated over the same set as before. The modified sliding
mode control is taken as

u= —0.1zy + 1.2263 cos z1 — 2 sgn(s)

which shows a reduction in the switching term amplitude from 4 to 2. Figure 14.6
shows simulation of this modified control in the presence of unmodeled actuator
dynamics. The reduction in the amplitude of chattering is clear.
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Figure 14.6: Modified sliding mode control with unmodeled actuator dynamics.



Replace the signum function by a high-slope saturation
function

u = —p(x) sat (;)

Y, if |[y| <1
sat(y) = .

sgn(y), if |y| > 1
Sgn(y)lx sat (g) A




How can we analyze the system?
For |s| > e, w = —3(x) sgn(s)
Withec > ¢

» )= {|a:1| < =, s < c} IS positively invariant

a1

® The trajectory reaches the boundary layer {|s| < e}in
finite time

#® The boundary layer is positively invariant



Inside the boundary layer:
S
1= —aixr1+s §=ajxs+ h(x) — g(m),@(aﬁ);

riry < —alw% —+ |331|€
0<o<1

. 2 >
r121 < —(1 — 0)arzy, V|z1| > Dern
1

The trajectories reach the positively invariant set

E
2 = {la1] < o, |s| < e}

ai o

In finite time



e} in finite time. In general, we do not stabilize the origin, but we achieve ultimate
boundedness with an ultimate bound that can be reduced by decreasing . What
happens inside (). is problem dependent. Let us consider again the pendulum
equation and see what happens inside (). in that case. Inside the boundary layer
{|s| < €}, the control reduces to the linear feedback law v = —ks/¢, and the closed-
loop system |

3;31 = T2
:f’,*g = m(gn/f) Sin($1 -+ 51) — (k{]/m)’.ﬂz — (k/mfza)(ala:l + .’I,'g)

has a unique equilibrium point at (Z1,0), where Z, satisfies the equation
Emg[)f Siﬂ(ii‘l + 51) + ka1 =0

and can be approximated for small € by Z; &~ —(emgof/ka;)sind;. Shifting the



Figure 14.8: "Continuous” sliding mode control.
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“Continuous” sliding mode control with unmodeled actuator dynamics.



Stabilization by Sliding Mode Control

Regular Form:

7.7 — fa(”?w‘i)
E = fo(n, &) +g(n,&u+d(t,n, & u)

neER"™, (£€R, uER
fa(OaO) = 0, fb(OaO) = 0, 9(7795) > go >0
Sliding Manifold:
s=&—¢(n) =0, ¢0)=0

s(H) =0 = 5= fa(n,d(n))
Design ¢ s.t. the origin of = f,(n, ¢(n)) is asymp. stable



o
s = fb(na 5) — 8_?:{;.12&(779 g) + 9(”% .{f)u + 5(t9 7, gau)
1 <A 8qb,~>
u=——\fo——fa|+v or u=wv
g on

u:—L(fb——fa>—|—v, L=—-— or L=0
an

g
S = 9(”% £)’U + A(ta 7, -’;:,’U)
0 . oo .
ﬁi:=;ﬁ)—-zigjbu+-5-—-gl¥(J%-—-Egéfa>

A(t,n, &, v)
g(n, &)

g Q(")af) H'Olvl




A(t9 n’ £7 v)
g(n,§)

0(n,€) >0, 0< ko<1 (Known)

< o(n,§) + Kol|v|

ss = sgv + sA < sgv + |[s| |A|
s < glsv + |s|(o + rol|v])]
v=—PB(n,§) sgn(s)

6(779&) > Q(n’g) ‘|‘/607 /60 >0

— 1 — Ko

ss < g[—B|s| + o|s| + koB|s|] = g[—B(1 — Ko)|s| + o|s]| ]
s$ < g[—ols| — (1 — ko)Bols| + ols]| ]



s < —g(m,&)(1 — ko)Bols| < —goBo(1l — Ko)|s]|

v = —(3(x) sat (Z) , e >0

s$ < —goBo(l — ko)l|s|, for|s| > e

The trajectory reaches the boundary layer {|s| < e} in finite
time and remains inside thereafter

Study the behavior of
n = fa(na Qb(n) + 3)

What do we know about this system and what do we need?



ar([[nl]) < V(n) < ax(|nl)

Z—Xfa(n,qb(n) +5) < —as(llnll), Y lnll > ~(sl)

[s] < e = V < —ag([Inl]), for[In]] > v(c)
a(r) = as(y(r))
V(n) 2 a(c) < V(n) 2 az(y(c)) = azx(l[nll) = az2(y(c))
= [Inll >~v(c) = V < —as(lInll) < —as(v(c))
The set {V(n) < co} with cg > a(c) is positively invariant

Q= {V(n) < co} x{[s| < c}, withco > a(c)



€ C |s|

Q={V(n) <co} x{|s|] < ¢}, with cp > a(c)

Is positively invariant and all trajectories starting in €2 reach
Q. ={V((n) <a(e)} x {|s| < e} in finite time



Theorem 14.1: Suppose all the assumptions hold over €.
Then, for all (n(0),&(0)) € €2, the trajectory (n(t),&(t)) is
bounded for all ¢ > 0 and reaches the positively invariant
set (2. In finite time. If the assumptions hold globally and
V' (n) is radially unbounded, the foregoing conclusion holds
for any initial state

Theorem 14.2: Suppose all the assumptions hold over 2

® 0(0)=0,k0=0
# The origin of n = f,(n, ¢(n)) is exponentially stale

Then there exits e* > 0 such thatforall 0 < € < €*, the
origin of the closed-loop system is exponentially stable and
(2 is a subset of its region of attraction. If the assumptions
hold globally, the origin will be globally uniformly
asymptotically stable



Example
L] _ . - _ 2
r1 = x9 + 01x1 sin xa, ro = Ooxy + 1 + u

61| < a, |62] <b
ro = —kxr1 = x1 = —kx1+ 60121 SInx9
Vi = %m% = xix1 < —k:zc% + am%
s=xo+ kxr1, k> a
§ = 92m§ + x1 + u + k(x2 4+ 0121 sin x2)
u=—x1—kxo+v = s$=v+ A(x)

A(x) = 92:1’:3 + kO1{x1 sin o



A(x) = 921:3 + k@111 sin x5

A(2)] < akl|zy| + ba

B(x) = ak|z1| + bxs + Bo, Bo > 0
u = —x1 — kaxo — 3(x) sgn(s)



Backstepping

n = fn)+gm)E
é - u, ”IERnaﬁa’UJER

Stabilize the origin using state feedback

View & as “virtual” control input to

n=fmn)+gmné
Suppose there is £ = ¢(n) that stabilizes the origin of

n=f(n)+gn)en)

Z—X[f(n) Fgm)é(m) < —W(m), VneD



No

=& — ¢(n)

(n)z
) + g(n)d(n)] +;
[f(n 09 [f(n) + g(n)
R

|+ v
i [f(n) + g(n)€
~ on

)z
)] +a9(n
(m)d(n

[f(n)+g

(¥



Vo(n,€) = V(n) + 12

1%
on

Ve = SCLFn) + g(n)n)] -
n

oV

—W(n) 4 8ng(n)z+z’v

g(n)z + zv

I

A%

v = g(n) —kz, k>0
on

V. < —W(n) — kz?

u= G2 1F(m) +9(n)é] = 5 -9(n) — KIE — 60




~i+ / g(n) /
(a) f(n)
f()
- / ——%f+-mm f
(b)- —9(n)
SC)+g()o( )
iﬁr}- L g(n) | f

Y

m

f)+9()o()




Example

. 2 3 .
r1 = x] — ] + x2, ro — U

. 2 3
] = x] — ] + T2
. . 2 . 3
r2 = @P(x1) = —x] —x1 = X1 = —T1 — T
V(xy) = %x% = V=—2*-—2z], Vx1ER

zo = x93 — P(21) = T2 + T1 + =7

r1 = —331—:8?4—22
29 = u4 (14 2x1)(—z1 — x5 + 22)



Ve(z) = 327 + 325
Vo = z1(—x1 — =3 + 29)
+ zou + (1 + 2x1)(—x1 — x5 + 22)]

’ _ 2 4

+ zo[z1 + (14 221) (—21 — ] + 22) + u]

u=—x1 — (14 2x1)(—x1 —w? + z9) — 29
Vi = —a?— ot = 52



Example

. 2 3 . .

r1 = x]{ — x] + x2, Tro = I3, r3 — U
. 9 3 .
r1 = x] — x| + T2, Tro — I3

3 def
rg = —x1 — (1 + 2x1)(—x1 — ] + 22) — 22 = ¢(x1,x2)

12 1_2 o 2 4 2

V(z) =527+ 323, V =—a]—x) — 2

z3 = x3 — ¢P(x1, x2)

1 = x]—x} +x2, d2 = P(x1,T2) + 23
. ooy 0P
3 = u-— 8—331(37% — a7 + x2) —8—$2(¢+Z3)



V=V + il

= g—;(az% — @} + x2) + S—L(z;), + @)
+ z3 {u — ;—z(aﬁ — x4+ x2) — 5—2(23 + qb)]
—xf — @] — (z2 + @1 + x7)°
+2z3 [88—;/2 — s—i(w% — 23 + z2) — g—i(z?, + ¢) +u
—g—:; + g—i(a:‘% — x4+ x2) + 8—:;(23 + @) — 23

|



1 = f(m)+gn)§
. fa(nag) + ga(nag)ua ga(na ‘g) ?é 0

1
u = ga(’n,£) [’U — fa,(na ‘5)]

n = f(m)+gm)é§
£ = v

bc(n,§)

1

0J0 IV l
ga(m{ )+ 9n)e) = S g(n) — Kig = 600)] -~ falr e)}

Ve(n,&) =V (n) + 5[¢ — o(n))?



z1

Z9

Zk—1
2k

Strict-Feedback Form

fo(x) + go(x) 21
fl(w‘azl) + 91(33921)22
f2(339 21,22) + 92(339219 Z52)253

fre—1(x, 21, ...
fr(xy z15...

gi(x, z1,...

9Z.lc) + gk($9 Ry e 9Zk)u

,2;) 70 for1 <1<k

’ zk—l) + gk—1($a Z2 BRI

s Zk:—l)zkz



over the domain of interest. The recursive procedure starts with the system

z = fo(x) + go(x)21

where z; is viewed as the control input. We assume that it is possible to determine
a stabilizing state feedback control law 2z; = ¢g(z), with ¢¢(0) = 0, and a Lyapunov
function Vp(x) such that

Z2[fo(a) + go(@)é0(@)] < ~W(a)

over the domain of interest for some positive definite function W (z). In many appli-
cations of backstepping, the variable x is scalar, which simplifies this stabilization
problem. With ¢¢(z) and Vj(z) in hand, we proceed to apply backstepping in a
systematic way. First, we consider the system

t = fo(z)+ go(x)ze
z1 = filz,z1) +o1(x, 21)20

as a special case of (14.53)-(14.54) with

n=z, =z, u=2z, [f=fo, 9=90, fa=/ 1, Go=0



We use (14.56) and (14.57) to obtain the stabilizing state feedback control law and
the Lyapunov function as

1 [Od oV
¢1(x,21) = " %(fcr + goz1) — 6—;90 —ki(z1 — @) — fl] , k1>0

Vi(z, 21) = Vo(z) + 3[z1 — ¢(2)]?

Next, we consider the system

r = f[](.&".?) -1 qo (.‘E)zl
Z1 = _- filz, z1) + g1(z, 21) 2
zo = fa(x,z1,22) + g2(z, 21, 22) 23

as a special case of (14.53)—(14.54) with

?}':{ 5 :i:‘E:ZEaﬂ:zng:[fn—}fngl j|1g:[ ! }a fa:fﬂa Ga = g2

Z1 a1



Using (14.56) and (14.57), we obtain the stabilizing state feedback control law and
the Lyapunov function as

1 s, AV
bo(x, 21, 29) = — 8¢1(f0+9031)+ ¢’1(f1+glzz) ——Lg1 —ka(22 — ¢1) — fo
g2 Ox 0z1 021

for some k; > 0 and
V'g(ﬂ:, 51:32) — 1‘:‘fl("q:'.l El) + %[32 - {;r}?(m! ’31)]2

This process is repeated k times to obtain the overall stabilizing state feedback
control law u = ¢x(z, 21,..., 2x) and the Lyapunov function Vi(x, 21, ..., 2x).
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