
Chapter 2

Second-Order Systems





Phase Portrait

• Graphical study of second order 
systems

• Phase plane trajectory

• Phase portrait: a family of phase 
plain trajectories



Phase portrait of a mass-spring system



A major class of second-order system



Singular Points

• Singular point: equilibrium point in the phase 
plane

• Equilibrium point: a point where the system 
states can stay forever

• Linear system: usually only one singular point

• Nonlinear system: more than one



A nonlinear second-order system

20, 0 2 0

0, 2

x x x x

x

    

  



Phase Portrait MATLAB(1)

clear

clf

Tfinal=20;

Td=0.01;

t=0:Td:Tfinal;

N=length(t);

x(1,1)=-2;x(2,1)=2;

for k=2:N

x(1,k)=x(1,k-1)+Td*x(2,k-1);

x(2,k)=x(2,k-1)+Td*(-0.5*x(2,k-1)-2*x(1,k-1)-x(1,k-1)^2);

end

plot(x(1,:),x(2,:))

axis([-2 2 -2 2]);

hold on
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Phase Portrait MATLAB(2)

[x1, x2] = meshgrid(-2:0.2:2, -2:0.2:2);

x1dot = x2; 

x2dot = -0.5*x2-2*x1-x1.^2;

quiver(x1,x2,x1dot,x2dot)

xlabel('x_1')

ylabel('x_2')
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Singular Point

• The slope of the phase trajectories



Constructing Phase Portraits

• Analytical Method



Constructing Phase Portraits

• Analytical Method



Mass-spring system
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A satellite control system



A satellite control system
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A satellite control system
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The Method of Isoclines



The Method of Isoclines

• Mass-spring system
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The Van der Pol equation
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The Van der Pol equation



Phase Portrait MATLAB(1)

clear

clf

mu=1;

Tfinal=20;

Td=0.01;

t=0:Td:Tfinal;

N=length(t);

x(1,1)=-0.1;x(2,1)=0.1;

for k=2:N

x(1,k)=x(1,k-1)+Td*x(2,k-1);

x(2,k)=x(2,k-1)+Td*(-mu*(x(1,k-1)^2-1)*x(2,k-1)-x(1,k-1));

end

plot(x(1,:),x(2,:))

axis([-3 3 -3 3]);

hold on
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Phase Portrait MATLAB(2)

[x1, x2] = meshgrid(-3:0.2:3, -3:0.2:3);

x1dot = x2; 

x2dot = -mu*(x1^2-1)*x2-x1;

quiver(x1,x2,x1dot,x2dot)

xlabel('x_1')

ylabel('x_2')
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Phase Plane Analysis of Linear Systems

• Linear 2nd order system

x Ax



Linear 2nd Order System
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Linear 2nd Order System
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Limit Cycles
















