Chapter 6
Passivity

Feedback Systems:
Passivity Theorems
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State Models

Let us now define passivity for a dynamical system represented by the state model
z = f(z,u) (6.6)
y = h(z,u)

where f : R™ x RP — R" is locally Lipschitz, h : R™ x R? — RP is continuous,
f(0,0) = 0, and h(0,0) = 0. The system has the same number of inputs and
outputs. The following RLC' circuit motivates the definition.

* The origin is an equilibrium point.



Passivity Theorems

Theorem 6.1: The feedback connection of two passive
systems is passive

Theorem 6.3: Consider the feedback connection of two
dynamical systems. When v = 0, the origin of the
closed-loop system is asymptotically stable if each
feedback component is either

# sftrictly passive, or
#® output strictly passive and zero-state observable

Furthermore, if the storage function for each component is
radially unbounded, the origin is globally asymptotically
stable



Theorem 6.4: Consider the feedback connection of a
strictly passive dynamical system with a passive
memoryless function. When v« = 0, the origin of the

closed-loop system is uniformly asymptotically stable. if the
storage function for the dynamical system is radially
unbounded, the origin will be globally uniformly
asymptotically stable

Prove using V = V; 4+ V5 as a Lyapunov function candidate
Proof of Theorem 6.3: H; is SP; Hs is OSP & ZSO

el y1 > Vi + 1(x1), Pi(zr) >0, Var #£0

et ys > Vo + yi pa(y2), ya p(y2) > 0, Yya # 0



ely1+etys = (u1—y2) y1+ (u2+y1) Ty = ul y1+ul yo
V(x) = Vi(z1) + Va(z2)
V <uly —di(z1) — yg p2(y2)
u=0 = V < —i(z1) — yi p2(y2)
V=0 = 21 =0andys; =0
y2(t) =0 = e1(t) =0 (&x1(t) =0) = y1(t) =0
y1(t) =0 = ea(t) =0
By zero-state observability of Hy: y2(t) =0 = x2(t) =0
Apply the invariance principle



Example
Q.J"l = I :1.33 = T4
To = —aa:‘i’ — kxo + €1 ry = —bxg — $f’1 + eo
Yyr = x2te Y2 = o4
—— “
H1 H2
a, b, Kk >0
1 4 1 _2
Vi = gaxy + 573
! 3 3 2 2
Vi = axjze — axixe — kx5 + xoe1 = —kyy + yiex

With e; = 0, yl(t) =0 & 332(12) =0 = a:l(t) =0
H, is output strictly passive and zero-state observable



. | 2 1.2

Vo = bxsxy — brsxy — x5 + T4€2 = —y5 + y2es
With es = 0, yz(t) =0 & :134(75) =0 = mg(t) =0
H> I1s output strictly passive and zero-state observable

V1 and V5 are radially unbounded

The origin is globally asymptotically stable



Loop Transformations

Recall that a memoryless function in the sector K1, K|
can be transformed into a function in the sector [0, oco] by
Input feedforward followed by output feedback
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H, i1s a dynamical system

H, is a memoryless function in the sector | K, K|
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Example

r1 = T2
9 = —h(x1)+ bxs + €1 Y2 = O'(ez)j
Y1 = T2 H,

N ~ ,

o€ la,B], h €la,o0], b>0, a1 >0, k=FB—a >0

3.31 = I
3.32 = —h(ﬂ;‘l) — A9 —|— é]_ \?2 — &(éQ)J
y1 = kxas+ e T




Assume a = o — b > 0 and show that H; is strictly passive

1
Vi = k:/ h(s) ds + ! Pa
0
1
Vi = k/ h(s) ds + p1175 + 2p12x1T2 + Paors
0

v

kh(x1)x2 + 2(p11x1 + pi2x2)T2
2(p12x1 + poox2)[—h(x1) — axs + €1]

Take po2 = k/2, p11 = api2



V. = —2pisz1h(z1) — (ka — 2p12)x;
+ kx2e1 + 2p1oxieq
= —2pisxih(x1) — (ka — 2p12)$§
+ (kxo 4 &1)é1 — &2 + 2p1ax1€1
161 = V + 2p12x1h(x1) + (ka — 2p12)$§
+ (€1 — p1271)® — Piox]
> V + p12(2a1 — p12)x? + (ka — 2p12) x5

- (ak k
Take 0 < p12 < min {7, 2a1} = p%z < 2P12§ = P11P22

H, is strictly passive. By Theorem 6.4 the origin is globally
asymptotically stable (when u = 0)
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Example

1
C(sI — A)~'B = Not PR
(s ) (s +s+1)
1 1
W (s) = (as + 1)
as + 1 (2 +s+1)



(as + 1)

(s2 + s+ 1)
{ 1+ jwa ] 14+ (a—1)w?
Re . —
1 — w? + jw (1 — w?)? + w?
i i3
lim w2Re{ —I—Jwa. ]:a—l
W — 00 1 —w? 4+ jw
1
a>1 = @D oepr
(s2 +s+1)

Vi =32l Pz, PA+AT'P=-L"L—-¢P, PB=C"



ﬁg : aéz = —eo + eo, yo = h(e2), h € [0, 0]

H>, is strictly passive with Vo = a [;* h(s) ds. Use

V:V1—|—V2:%33TP33—|—a/ h(s) ds
J 0

as a Lyapunov function candidate for the original feedback
connection



V = ja'Pi+ 3@’ Pz + ah(ez)és
= %mTP[Aa’: — Bh(es2)]| + %[Am — Bh(e2)]|! Px
+ ah(e2)C[Ax — Bh(e2)]
= — %:cTLTLx — (e/2)xl Pz — 2 CT h(es)
+ ah(ex)C Ax
— %a’:TLTLm — (¢/2)x! Px
— 2l'[C + aCATh(es) 4+ ah(e3)C Ax
— %a’:TLTLm — (¢/2)x’ Px — ej h(e2)
< —(¢/2)x! Px

The origin is globally asymptotically stable



