Chapter 7
Freguency Domain Analysis
of Feedback Systems
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The system is absolutely stable if (when » = 0) the origin is
globally asymptotically stable for all memoryless
time-invariant nonlinearities in a given sector



Circle Criterion

Suppose G(s) = C(sI — A)~'B + D is SPR and
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By the KYP Lemma, 3 P =PT >0, L,W,e > 0
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PB
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sx!' Pi + 2! Px

%QZ‘T(PA + ATP)SC + 2’ PBu

— %SE‘TLTLSC — %eazTPa: + 2f'(CcT — LTW)u
= — %a:TLTLa: — %eazTPa: + (Cx + Du)'u

—ul'Du — 2T LT"Wu
ul Du = %uT(D + DTYu = %uTWTWu
V =—tea"Px — J(Lx+ Wu)"(Lz + Wu) — y"y(y)

yT1,b(y) >0 => V<-— %awTPa:*

The origin is globally exponentially stable



What if ¢ € [K7, 00]?
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1 € [0, co]; hence the origin is globally exponentially stable
if G(s)[I + K1G(s)]~!is SPR



What if 1 € [K71, Ka]?
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= [0, oo]; hence the origin is globally exponentially stable
if I + KG(s)[I + K1G(s)]~!is SPR



I+ KG(s) I+ K G(s)]™! = [T+ KyG(s)|][I+ K1G(s)]™!
Theorem (Circle Criterion): The system is absolutely stable
if

® i € [Kq,00] and G(s)[I + K1G(s)]~!is SPR, or

® ) € [K1,Ksland [I + KG(s)][I + K1G(s)]7!is SPR

Scalar Case: ¢ € [, 3], B> «
The system is absolutely stable if

1 + BG(s)
1+ aG(s)

. {1 + BG(jw)
1+ aG(jw)

IS Hurwitz and

] >0, Vw € [0,o0]



Case1: aa >0
By the Nyquist criterion

1+ BG(s) _ 1 N BG(s)
1+ aG(s) 14+ aG(s) 14 aG(s)

is Hurwitz if the Nyquist plot of G(jw) does not intersect the
point —(1/«) + 70 and encircles it m times in the
counterclockwise direction, where m is the number of poles
of G(s) in the open right-half complex plane

14+ BG(jw) 5+ GUw)
1+ aG(jw) é + G(jw)




Nyquist Criterion

* Principle of Argument
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* Nyquist Path

. N=Z-P

Nyquist Criterion
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Nyquist Criterion
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Nyquist Criterion
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Re{ﬁ Ge) >0, Vw € [0, 00]

L+ G(jw)
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—1/0 \

The system is absolutely stable if the Nyquist plot of G(jw)
does not enter the disk D(«a, 3) and encircles it m times in
_the counterclockwise direction
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Case2: a=0
14+ BG(s)
Re[l + BG(jw)] > 0, YV w € [0, o0]
Re[G(jw)] > — %, V w € [0, 00]

The system is absolutely stable if G(s) is Hurwitz and the
Nyquist plot of G(jw) lies to the right of the vertical line
defined by Re[s| = —1/8



Case3: a<0<pg

e{b+6GUw)

1+ G(jw)
o 6,
LAGU] o e[} 00

3T Glw)
The Nyquist plot of G(jw) must lie inside the disk D(«, 3).

The Nyquist plot cannot encircle the point —(1/«a) + 50.
From the Nyquist criterion, G(s) must be Hurwitz

The system is absolutely stable if G(s) is Hurwitz and the
Nyquist plot of G(jw) lies in the interior of the disk D(«, 3)



Example

G(s) = .

(s+ 1) (55 + 1) (35 +1)




Apply Case 3 with center (0, 0) and radius = 4

Sector is (—0.25,0.25)
Apply Case 3 with center (1.5,0) and radius = 2.834
Sector is [—0.227,0.714]
Apply Case 2
The Nyquist plot is to the right of Re[s] = —0.857
Sector is [0,1.166]

[0,1.166] Includes the saturation nonlinearity



Example

G(s) :
S =
(s —D(Gs+1D)Gs+ 1)
0.4t | Im G
0.2} |
OK\ G is not Hurwitz
Re G
0ol Apply Case 1
-0.4 -
-4 -2 0

Center = (—3.2,0), Radius = 0.168 = [0.2969, 0.3298]



Popov Criterion

— I —1G(s)

()
r = Ax -+ Bu
i = L@
w = —apl); L<e<p

¢i€[09ki]a 1 <2< p, (0<I€ZSOO)
G(s)=C(sI — A)™'B
I' = diag(v1,.--,7vp), M =diag(1l/k1,---,1/kp)
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Show that H; and H» are passive




M + (I + sT')G(s)
= M+ (I+sI')C(sI —A)"'B
= M+ C(sI — A 'B+4+TCs(sI — A)"'B
= M+C(sI — A 'B4+TC(sI —A+ A)(sI — A)~'B
= (C+TCA)(sI — A~ 'B+ M+ TCB

If M + (I + sT")G(s) is SPR, then H; is strictly passive

with the storage function V; = 127 Pz, where P is given by

2
the KYP equations

PA+ ATP = —LTL —cP
PB = (C+r1CcA)T — LW
WIW = 2M +TCB + BTcTr



H,, consists of p decoupled components:

. 1 3 3
Yizi = —z; + E”vbi(zi) + €2iy,  Y2; = Yi(2;)

Vai = i - i(o) d

2i = /0 Yi(o) do

Vai = vivi(zi)z = vi(zi) [_Zi + £ %i(zi) + éai
= yziezi + 3-i(z) [Vi(zi) — kizi]

Pi € [0,ki] = (i — kizi) >0 = Vo < ygien;

H, is passive with the storage function
V2 p— 2@?:1 Vi OZ?: @bz(o') do



p Y
Use V = %mTPa:' + Z’yi i V(o) do
=1

as a Lyapunov function candidate for the original feedback
connection

£ = Ax + Bu, y=Cx, u= —1(y)
vV 22T Pi + 12T Px + 47 (y)Ty
%CBT(PA + ATP)x + 2T PBu
+ " (y)TC(Az + Bu)

— %:ETLTLQS‘ — %ewTPaa
+l'(CT + ATCTT — LTW)u
+ T (y)TCAzx + 4T (y)TCBu



V = —lexTPz— J(Lz+ Wu)T (Lz + Wu)

—P(y) 'y — My(y)]
< —zex’ Px — (y) [y — My(y)]

P; € [0,k;] = ¢(9)T[y—M¢(y)] >0 = V<L —%aa:TP:B
The origin is globally asymptotically stable

Popov Criterion: The system is absolutely stable if, for

1 <1< p,; €[0,Fk;] and there exists a constant ~; > 0,
with (1 + Ag~y;) # 0 for every eigenvalue A\, of A, such that
M + (I + sT")G(s) is strictly positive real



Scalar case

1

=+ (14 57)G(s)
Is SPRif G(s) is Hurwitz and

-+ Re[G(juw)] — ywImlG(jw)] > 0, ¥w € [0,00)

If
lim {% + Re|G(jw)] — ')/wIm[G(jw)]} =1

Ww— 00

we also need

lim w? {% + Re[G(jw)] — 'wam[G(jw)]} > 0

w— 0O



-+ RelG(juw)] — ywIm[G(jw)] > 0, ¥w € [0,00)

slope = 1/y olm[G(jw)]

~1/k Re[G(jw)]

Popov Plot



Example

1 = x2, T2 = —x2—h(y), y=mx
To = —axy — xy — h(y) + axry, a >0
1
G — — h —
(s) 2istal Y(y) = h(y) — oy
h€la,B] = ¢ €][0,k] (k=p8—a>0)

a—wz—l—'ywz
(@t tat O VOE0)

vy>1 =

20, .2 2
and lim w (o = w” + W)
w— 00 (Cl{ . w2)2 _|_ wz

=~—1>0



The system is absolutely stable for 1) € [0, o] (h € [, o0])
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Compare with the circle criterion (v = 0)

1—I— - >0, Vw € [0,00], fork <142V
ko (a— w?)? 4 w? N ek a_




