AC Circuits

Sinusoidal Steady-State Analysis
Phasor



DC & AC

= DC : Direct Current
= AC : Alternating Current
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Sinusoidal function
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Sine and Cosine Functions

2y =1

sin x + cos
sin(x + y) = sinx cosy + cosx siny
sin (x — y) = sInX COSy — COS X SIn Yy

cos (x + y) = cosxcosy — sinx Siny

cos(x —y) = cosxcosy + sinx siny

sin 2x = 2 sin x CoS X, cos 2x = cos?x — sin x

r . B aao B aao
SINX = COS | X 5 = COS 5 X

) . v . v
cosx=smilx+—] =sm|— —x

sin (7 — x) = sin X, cos (m — X) = —cosx

cos“ x = %(1 + cos 2x), sin® x = (1 — cos 2X)



Sine and Cosine Functions

[ sinxsiny = 4[—cos (x + y) + cos (x — )]

¢ cosxcosy = z[cos(x +y) + cos(x — y)]

| sinx cosy = 3[sin (x + y) + sin (x — y)]

g ) ) utv u—u
sinu + sinv = 2 sin cos
2 2
u-+ v u—uv
] cosu + cosv = 2cos cos
2 2
ut+tv  u-—v
cosv — cosu = 2 sin sin
§ 2 2
_ \/ﬁ sin O _ B
Acosx + Bsinx = VA® + B® cos (x £ 9), tan &6 = = F¥—
cos O A
_ 5 5 . sin O A
Acosx + Bsinx = VA® + B” sin (x * ), tan 6 = 5 = iE
cos



Advancing in time




Delaying in time

vt —tgq) =Asin(w(t —tq)) = Asin(wt — wty) = Asin(wt +0) V



Try it
yourself [ ExampPLE 10.2-1 Phase Shift and Delay j
in WileyPLUS

Consider the sinusoids
vi(1) = 10cos (2007 + 45°) Vand v,(r) = 8sin(2007+ 15°) V

Determine the time by which v,(7) is advanced or delayed with respect to v (7).

Solution
The two sinusoids have the same frequency but different amplitudes. The time by which v,(7) is advanced or

delayed with respect to v|(7) is the time between a peak of v,(f) and the nearest peak of v,(f). The period of the
sinusoids 1s given by

21 T
200 = - = T =—=0.0314159 = 31.4159 ms

100

To compare the phase angles of v,(f) and v,>(7) we need to express both using the same trigonometric function.
Choosing cosine, represent v-(7) as

va(t) = 8sin(2007 + 15°) = 8 cos(2007 + 15° — 90°) = 8 cos(200¢ — 75°) V
Let (; and 0, represent the phase angles of v (1) and v-(¢). To compare v»(r) to v;(r) consider

0y —0, = —75° — 45° = —120° = —g rad

The minus sign indicates a delay rather than an advance. Convert this angle to a time using Eq. 10.2-5

0, — 0T —Z£(0.0314159
g _ond rd:( 2 =0T _ —5( ):—10.47ms
T 27 27




Again, the minus sign indicates a delay. We conclude that v,(7) is delayed with respect to v () by 10.47 ms. Figure
10.2-4 shows plots of v(#) and v,(#). (Voltage v,(7) is plotted using a dashed line and voltage v,(7) is plotted using a
solid line.) Figure 10.2-4 shows that v,(7) is indeed delayed by about 10.5 ms with respect to v ().

10 T

Voltage, V

-10
0

Time, ms

FIGURE 10.2-4 A MATLAB plot of v;(¢) and v,(¢) showing that v,(¢) is indeed delayed with respect to v¢(7) by 10.47 ms.



Oscilloscope

v1(2), vy(1) (V)
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Differential Equation with AC Source

e(t)
R A

e(?) (i) . C = v(?) | \ /\ {
. \/ \/ (sec)

KVL:

Ri+Vv=e=cosut, |_Cﬂ
dt

RCﬂJrv coswt, v(0)=1

dt



= Forced response(particular solution), steady state:

V= Acoswt + Bsin wt

nC d (Acos et + Bsin at)

dt
—wRCASIN wt + ®RCB cos wt + Acos wt + B sin wt = cos wt

(wRCB + A)cos wt + (B — wRCA)sin wt = cos
oRCB+ A=1B-wRCA=0
B = wRCA, wRC (wRCA)+ A=1

1 wRC

A= —B= 2
(wRC) +1 (wRC)” +1

+(Acos ot + Bsin a)t) — COoS wt




= Forced response(particular solution), steady state:

V= Acoswt + Bsin wt

1 wRC .
= COS wt + SIn wt

(wRC)" +1 (wRC)" +1

~ J(@RC) +1

= ———cos(wt —tan™ wRC)
(wRC)” +1

= L cos(wt —tan™ wRC)

J(@RCY +1




= Complete response

t

v(t) = Ke R + = ——COS ot + a)Rg sin wt
(wRC) +1 (wRC)" +1
t
= Ke RC + \/ 1 = cos(wt —tan wRC)
(wRC)” +1
2
0= K+— L 1k =_(@RS)
(wRC) +1 (wRC)™ +1
2 t
(a)RC) RC cos wt + @RC sSin ot

(wRC) +1 (wRC) +1 (wRC) +1



Check Initial Condition

= Check
(a)RC)2 L
(wRC)" +1 (wRC) +1 (wRC)” +1

2
dv(t):_l (wRC) e—Rt—C_ 10) Sin oot + o°RC

dt  RC(wRC) +1 (@RC)" +1 (RCw) +1
dv)) 1 (@RC) . @'RC

v(t) =

dt |, RC(wRC) +1 (wRC)'+1



Phasors and Sinusoids

A phasor is a complex number that is used to represent the amplitude and phase angle of a
sinusoid. The relationship between the sinusoid and the phasor is described by

Acos(wt+0) AQ (10.3-1)

Sinusoidal source(a known fixed single frequency)
Steady state, forced response

Eulers formula  @% = COS¢@+ |SIN ¢

Time domain, Frequency domain



FEuler Formula

o _1y jpe U0 (9) (i0) | (i)

4.
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:1—¢2 _|_¢4 __|_..._|_j[¢_¢3 _|_¢5 __|_...j
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Try it
yourself [ ExampPLE 10.3-1 Phasors and Sinusoids ]
in WileyPLUS

Determine the phasors corresponding to the sinusoids

i1(r) = 120 cos(4007 + 60°) mA and i»(t) = 100 sin(4007 — 75°) mA

Solution
Using Eq. 10.3-1 we have

Ii(w)=120/60° mA
Next, express i»(7) using the cosine instead of the sine.
i>(t) = 100 cos(4007 — 75° — 90°) = 100 cos(4007 — 165°) mA
(See the trigonometric identities in Appendix C.) Using Eq. 10.3-1, we have

I,(w) =100 /=165° mA



Motivating Example: RC circuit

e(t)
R A

e(?) (i) . C = v(?) | \ /\ {
. \/ \/ (sec)

KVL:

Ri+Vv=e=cosut, |_Cﬂ
dt

RCﬂJrv coswt, v(0)=1

dt



Motivating Example: RC circuit

= Euler’s formula
el = cosat + jsin ot

COS wt = Re{e‘“}

RCﬂJerCOSa)t = RCﬂJrvzeiwt
dt dt

= Assume the solution: vy =Ve!(@+) —\/gltgiet



Motivating Example: RC circuit

= Assume the solution: v=Ve!“*? =velel”

dVeit+9) | |
RC - +Veltettd) — glot
joRCVe! ™9 Lyl — gt — jHRCVeYel” + Vel =gl

joRCVe” +Ve” =1= (joRC +1)Ve” =1

Vel? — 1 _ 1 —tan~" @RC

(jeRC+1)  J(oRC) +1

Re{Ve!(*'?} = cos(wt —tan " RCw)

J(RCo) +1



Imaginary axis Imaginary axis

V=A/0 b———————— TV:a+jb
4 |
I
L o Real axis 0 | Real axis
0 0 a
(a) (b)
A=|V|and 0 = ﬂ
4 = Re{V} and b — Im{V} atjb=V=A/0
a=Acos(0), b=Asin(0), A = Va? + b’

i b
tan ! (—) a>0
a
0 = < b
180° — tan~! (—) a<0

\



Arithmetic using Phasors

Vi+Vo=(a+jb)+(c+jd)=(a+c)+j(b+d)
V1—sz(a-rjb)—(C——jd):(Cl—C)—rj(b—d)

V-V, = (ELO) (F&) :EF/(0+¢) and :}ILZZLZ:%/(Q—Q[))

Vi*=(a+jb)" =a—jb

(
= (/o) =E/-0



A/ = A cos(wt+ 0) +j Asin(wt + 0)
Acos(wt + 0) = Re{A e’/ (‘“’+9)} = Re{Ae e/}

v(f) = Acos(wt+0) Vand V(o) =A/0=A4e" V

V(1) RG{V e) @ t}



KVL In Phasor

0=> vit) (10.3-18)

i

Using Eq. 10.3-17, we can write Eq. 10.3-18 as

0= Re{Vi(w)e/”} = Rc{e}"'” va(w)} (10.3-19)

Eq. 10.3-19 is required to be true for all values of time . Let =0. Then e’ " =¢ *=1 and Eq. 10.3-19

becomes
0= Rc{ > vf((u)} (10.3-20)
Next, let f=7/(2 ). Then ¢’ “'=¢ /™% = —j and Eq. 10.3-19 becomes
O—Rc{jZVg(w)} —Im{va(w)} (10.3-21)

Together, Eqs. 10.3-19 and 10.3-21 indicate that the phasors 0 and Z V() are equal. That is,

0= Z Vi(w)



Try it . . .
yourself [ ExampLE 10.3-4 Kirchhoff’s Laws for AC Circuits ]
in WileyPLUS
The input to the circuit shown in Figure 10.3-3 is the voltage source voltage, gt -
M\
vs(r) =25cos (1001 + 15°) V R=300 .

C) vy()  C=25uF == vl
i(1) -
ve(t) =20cos (1007 —22°) V B
FIGURE 10.3-3 The circuit in
Determine the resistor voltage vg(?). Example 10.3-4

The output is the voltage across the capacitor,

Solution
Apply KVL to get

vr(t) = vs(t) —ve(t) =25 cos(1007 4+ 15%) — 20 cos(1007 — 22°)

Writing the KVL equation using phasors, we have

Vr(®) = Vs(w) — Ve(m) =25 /15° — 20 /=22°
= (24.15+/6.47) — (18.54 — j7.49)
= 5.61 +13.96

= 15/68.1° V

Converting the phasor V() to the corresponding sinusoid, we have

Vr(w) =15/68.1° V. <  vg(r) = 15c0s(1007 + 68.1°) V



Impedances

The impedance of an element of an ac circuit is defined to be the ratio of the voltage phasor to
the current phasor. The impedance is denoted as Z(w) so

Z(w) = ‘1/((3)) —~ fmmﬁ = ‘1/:: /(0—=¢) Q (10.4-2)

T+ T+

v (1) V(o)

i} T - o | T -
(@) (b)




Ohm’s Law for AC circuits

= |[mpedance and admittance

V(w)=~2Z(w)l ()

Y () = 1 1(w)
T Z(w) V(o)



Capacitor

V. (t) = Acos(at +6) V

I.(t)=C

Cc:v (t) = —CwAsin(wt + 8) = CowAcos(wt + 0 +90°) A

The phasors corresponding to the capacitor voltage and current are

VC((U

V= A0V and Te(o) = Coa /(0+90°) = (C(_u 900) (AQ) —ioCA /0 A

The impedance of the capacitor is given by the ratio of the voltage phasor to the current phasor:

+

1
— == V.(0)
j C

ZC({U):VC((U): A/0 g,

Ic(w) j(.UCA@ joC
V() = —— Lc(o)
() = (e
¢ joC ¢



Inductor

I, (t) = Acos(at +6) A
v (1) = L%iL(t) =—LwAsin(at + 8) = LoAcos(wt + 6 +90°) V

The phasors corresponding to the inductor current and voltage are

I (w) :A& Aand Vi(w) =LwA /(” +90°) :J'(-ULAQ Vv

The impedance of the inductor is given by the ratio of the voltage phasor
to the current phasor:

+ + Z () = \lfL(f.g) :](.ULA @ oL O
L 2 v joL 2V, () L(®) A/0
o | r - Ll [ -

Vi(w) =joLl (o)
(a) (b)



Resistor

Vi (t) = Acos(wt + 6)

i (t) = VRth) = gcos(a)t +6)

The impedance of the resistor is the ratio of the voltage phasor to the current phasor:

Ve(w) A/0

Zr(w) =2 22 _ g0
Ir(m) %m
+ -
R < vylt) R < Vi) Vr(®) = RIg(m)

i | I () |

(@) (b)



Try it
yourself [ ExampLE 10.4-1 Impedances j
in WileyPLUS
300
The input to the ac circuit shown in Figure 10.4-5 is the source voltage i(:)f + vplt) - N
vs(f) = 12 cos(10007 + 15°) V v () 65mH 3 v.()
Determine (a) the impedances of the capacitor, inductor, and resistance and 40 pF -
(b) the current i(7). |
- vl +
Solution FIGURE 10.4-5 The AC circuit in
(a) The mnput frequency is w = 1000 rad/s. Using Eq. 10.4-4 shows that the Eample 10.4-1.
impedance of the capacitor is
1 1 25
ZC((D):- = =5 =—=—j25 ()
joC  j1000(40 x 107%)
Using Eq. 10.4-6 shows that the impedance of the inductor is
Zi(w) =joL=;1000(0.065) =j65
Using Eq. 10.4-8, the impedance of the resistor is
Zr(w)=R=30 Q
(b) Apply KVL to write
12 cos(10007 + 15°) = vg(1) + vi(t) + ve(2)
Using phasors, we get
12/15° =Vgr(®) + Vi (w) + V(o) (10.4-10)

Using Egs. 10.4-5, 10.4-7, and 10.4-9, we get

12/15° =30 I(w) +j65 I(w) — j25 I(w) = (30 +j40) I(w) (10.4-11)

Solving for I(w) gives
_12/15°  12/15°

_ — —0.24/38.13° A
30+740 50 /53130

I{w)

The corresponding sinusoid is
i(t) = 0.24 cos(10007 — 38.13°) A



Try it . . . )
yourself [ ExampLE 10.4-2 AC Circuits in the Frequency Domain j
in WileyPLUS

The input to the ac circuit shown in Figure 10.4-7 is the source o, L
voltage B
vs(7) = 48 cos(5007 + 75°) V C+> v(f) 25 uF Zr) § 800
- g Y

Determine the voltage v(r).

FIGURE 10.4-7 The ac circuit in Example

10.4-2.
Solution
The input frequency is @ =500 rad/s. The impedances of the capacitor and inductor are
Ze()=mm= =2l g0 0
JoC  j500 (25 x 10 6) J
and Z(w)=jowL=;500(0.1) =50 Q
Figure 10.4-8 shows the circuit represented in the frequency domain jsoq 1@
using phasors and impedances. Notice that e Ve VeV Wil
. . + Vi(o) — l n l I(w)

(a) The voltage source voltage is described by the phasor corre- '

sponding to vy(7). C— 48 ot V@) § e
(b) The currents and voltages of the resistor, inductor, and capaci- (@) I, =

tor are described by the phasors Izx(m), V(w), I (w), Vi (®), and

Ic(w). FIGURE 10.4-8 The circuit from Figure 10.4-7,

(¢) The resistor, inductor, and capacitor are described by their represented in the frequency domain.
impedances.



Node analysis

j50 Q)
- Y Y Y\

()

—

+ V(o) —

C) 48/75° V. —j80Q ==

Ic(o) l

+

V(o)

KCL: I (®w) = 1. (®)+ ()

48475° -V (0) _V(@) V(o)

i50

—j80

80

| i)

80 Q

48./75° = Jso(v(“)) V(“’)] (a)):( J50 j50+1]V(a))
i80 80

—j80 80



Node analysis(MATLAB)

j-50 N J50

48./75° =
(— j80 80

+1jV (w)

>> V=48*exp(j*75*pi/180)/(7*50/(-7*80)+(j*50)/80+1)
V =
63.3158 +18.1122i

>> abs(V)
ans =
65.8555

>> angle(V)*180/pi
ans =
15.9638



Apply Ohm’s law to each of the impedances to get

iy _ V(o) _ V()
Vi(w) =j501(w), Ic(w)= %0 and Ip(w) = =
Apply KCL to the top left node to get
V(o) V(o)

(10.4-12)

Apply KVL to the right mesh to get
48 /75° = Vi(w) + V(w) = j501(w) + V(w) (10.4-13)
Combining Egs. 10.4-12 and 10.4-13 gives
- [V(w) V(o) Jj50  j50
48 /75° = j50 V(o) = | =+ 11|v
5 =J LfgoJr 30 | T V@)= St T Y@
= [~0.625 +j0.625 + 1]V(w) = (0.375 +j0.625)V ()

lving fi i
Solving for V() gives 48 /75° 48 /75°

= = =659/16° V
0.375 +j0.625 0.7289 /59°

V(w)

The corresponding sinusoid is
v(t) = 65.9 cos(5007 + 16°) V



Series Impedance

Ii=1,=1
Vl :Z[l[ :le and VQZZZIQZZQI
V=V,+V,=(Z+2Z))I

| + V1 — ]
— —
5 ] o
+ 4 ? + +
1
Circuit A \ Z, [] V, Circuit A vV I:] Z 55
(a) (b)

Leg=7,+2Zy+---+1,

v L1y andVa = 71 L:
p— an p— = —
7Z,+7, 7Z,+17, FT e T L7,

Vi=74,1=7,



Z p—
T hA Parallel Impedance
Vi=V,=V
vV, V V, V
' 7, Z, me 1, 71, 1 7 7
Zeqzzlllzzz —
111+12<r1 +r1>v le : 1 1, Z,+2,
L, 1 I 7-+7; Z, Z,
| |
— —
; + + ;
Circuit A ' Z V, Z- Vs Circuit A \ Zsq
- |1l - |2l = -
(a) (b)
l | 1 1
Lg = Yq=7—=5-F7—++7—=Y 1+ Y+ - +Y
R A e Tnmm ey




Voltage and Current Division

= |n the frequency domain

CIRCUIT

EQUATIONS

Voltage division

Current division

Z, I

+ V; - llz

L=L=1I

Vi

\ )

L +1Z,
- Z2
7+ 7,

Vv

\Y

Vi=V, =V




Try it
yourself [ ExampLE 10.5-1 Analysis of AC Circuits Using Impedances j
in WileyPLUS

Determine the steady-state current i(f) in the RLC circuit shown in Figure 10.5-3a, using phasors and impedances.

R=00Q
— VW
i(1)
v(N=100cos100r V (ﬁ) C=1mF ==
FIGURE 10.5-3 The circuit from
| YYyy
710 mH Example 10.5-1 represented (a) in
the time domain and (b) in the
(a) (b) frequency domain.

Solution
First, we represent the circuit in using phasors and impedances as shown in Figure 10.5-3b. Noticing that the
frequency of the sinusoidal input in Figure 10.5-3a is @ = 100 rad/s, the impedances in Figure 10.5-3b are
determined to be

1 1 10

R0 7, - —— — — — =Tl
! YR STOTCX D R A

and Zy = jwL = j(100)(0.001) = j1 Q)

The input phasor in Figure 10.5-3b is
V,=100/0°V



Solution
First, we represent the circuit in using phasors and impedances as shown in Figure 10.5-3b. Noticing that the
frequency of the sinusoidal input in Figure 10.5-3a is @ = 100 rad/s, the impedances in Figure 10.5-3b are
determined to be

1 1 10

joC ~ j(100y(0.001)  j "’

Z,=R=9Q, 7, =

and Z; = joL = j(100)(0.001) = j1 £}
The input phasor in Figure 10.5-3b is
V,=100/0°V
Next, we use KVL in Figure 10.5-3b to obtain
2,1+ 7,1 +751 =V

Substituting for the impedances and the input phasor gives
(9 —j10+,1)I = 100 /0°
or

S 100/0° 10 /0°
9—J9 92 /-45°

Therefore, the steady-state current in the time domain is
i(t) = 7.86 cos (100f + 45°) A

= 7.86 /45° A




Try it o
yourseli | ExAmPLE 10.5-2 Voltage Division ¥ INTERACTIVE EXAMPLE

in WileyPLUS Using Impedances

Consider the circuit shown in Figure 10.5-4a. The input to the circuit is the voltage of the voltage source,
vs(t) = 7.28 cos (4t +77°) V

The output is the voltage across the inductor v(f). Determine the steady-state output voltage v,(7).

30 30
AN A"

+ +

o0 () 054H300  728/772v() 21693V

FIGURE 10.5-4 The circuit considered in
Example 10.5-2 represented (a) in the time
(a) (b) domain and (b) in the frequency domain.

Solution

The input voltage is sinusoid. The output voltage is also sinusoid and has the same frequency as the input
voltage. The circuit has reached steady state. Consequently, the circuit in Figure 10.5-4a can be represented in the
frequency domain, using phasors and impedances. Figure 10.5-45 shows the frequency-domain representation
of the circuit from Figure 10.5-4a. The impedance of the inductor is joL = j(4)(0.54) = j2.16 (), as shown in
Figure 10.5-4b.



Apply the voltage divider principle to the circuit in Figure 10.5-4b to represent the output voltage in the
frequency domain as

2.16 2.16 /90°
Vo(w):j*(—'?.za% 77°) - —(—7.28 77°)
3+j2.16 3.70 /36°
(2.16)(=7.28) .o NN
— 90° + 77°) — 36
s L0 +TT)

= —425/131° =4.25/311° V

In the time domain, the output voltage is represented as

vo(f) = 4.25 cos (41 + 311°) V



Try it
paduly [ ExamMPLE 10.5-3 AC Circuit Analysis j # INTERACTIVE EXAMPLE

in WileyPLUS

Consider the circuit shown in Figure 10.5-5a. The input to the circuit is the voltage of the voltage source,
vs(t) = 7.68 cos (2 +47°) V

The output is the voltage across the resistor,
Vo(t) = 1.59 cos (2t + 125°) V

Determine capacitance C of the capacitor.

1
Toc?
I Il
il il
@ + + V(o) - +
0 10300 V) () 103V,
- Eﬂ) - FIGURE 10.5-5 The circuit considered in

Example 10.5-3 represented (a) in the time
(a) (b) domain and (b) in the frequency domain.



Solution
The input voltage is sinusoid. The output voltage is also sinusoid and has the same frequency as the input voltage.
Apparently, the circuit has reached steady state. Consequently, the circuit in Figure 10.5-5a can be represented in
the frequency domain, using phasors and impedances. Figure 10.5-5b shows the frequency-domain representation
of the circuit from Figure 10.5-5a. The impedance of the capacitor is

1 J J J

joC~ PoC_ oC  2C

The phasors corresponding to the input and output sinusoids are

V,(0) =7.68 /47°V

and Vo(w) = 1.59 /125°V

The current I(w) in Figure 10.5-5b is given by

Vo(®) 159 /125°

—1.59/125° A
I 1/0°

I(w) =



The capacitor voltage V.(w) in Figure 10.5-5b is given by

V(w) = Vy() — Vo(w) = 7.68 /47° — 1.59 /125°

(5.23 +j5.62) — (—0.91 + 1.30)
(5.23 4+ 0.91) +(5.62 — 1.30)
— 6.14 + j4.32

= 7.51/35°V

The impedance of the capacitor is given by

1 V(o) 751/35

. _ —4.72 /—90°
2C Iw) 159/125°

Solving for C gives

C= —J _ 1290 106
2(4.72 —90°) 2(4.72 —90°)




Try it ) ) ) )
yourself [ ExampLE 10.4-2 AC Circuits in the Frequency Domain j
in WileyPLUS

The input to the ac circuit shown in Figure 10.4-7 is the source 10mH ()
M Vo Voo Wil
voltage

vs(f) = 48 cos(500¢ + 75°) V N

Cj) v(0) 25 uF T V(1) § 80 Q

Determine the voltage v(1).

FIGURE 10.4-7 The ac circuit in Example
10.4-2.

Solution

The input frequency is @ =500 rad/s. The impedances of the capacitor and inductor are

1 1 &0

— = ~ 2= jso Q,
joC js00(25x 100 j 0

Zc(o)

. Zi(w) =joL=j500(0.1) =50 Q

7 [R="18980 _ 4y a0
—80+80
Z. IR 40— j40 12— j20
= VS = = - VS =
Z +Z.|[R ° j50+ (40— j40) 17

=(1.372£-59.04°)(48£75°) = 65.9./15.96°

Vs



