RLC Circulits



2"d Order Differential Equation

X+3X+2x=0

x=Ke", x=Kle" Xx=KAi%e"

X+ 3%+ 2x = KA%e™ + 3K 1e™ + 2Ke™
=K (A +32+2)e* =0

A +314+2=(A+D(1+2)=0
A=-1-2



= Assume:
x=Ke"'+K,.e™

= |nitial Conditions: x(O) =1 x(()) =0

x(0) =K, +K, =1
%(0) = -K, — 2K, =0
K,=2,K, =-1
X(t)=2e "' —e™



Non-zero Input

X+3X+2x=1

x = Ke" +K,

X+3%+2x = KA%e" + 3K 1e™ + 2Ke™ + 2K,
=K (A7 +31+2)e +2K, =1

A=-1-2

K,=0.5




X(0) =0,x(0)=0
X(0) =K, +K,+0.5=0
X(0) =-K,-2K, =0

K,=-1K, =05
X=—e"'+05e+0.5



Complex Roots

X+2X+5x=0

A +24+5=0
A=—1+j2

y — Kle(—1+j2)t N Kze(—l—jZ)t
K2=K;

x=K,e 9t L KeH It =2 Re{Kle(‘1+jz)t}



X(0)=1,x%x(0)=0

x(0)=K, +K. =1

%(0) = K, (~1+ j2) + K (~1- j2) =0
K, =0.5- j0.25

K. =05+ j0.25

X(t) =e™ (cos2t +0.5sin 2t)
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Characteristic Equation

2
d vgt) L RC dv(t)
dt dt
R 1

$°+—5+—=0
L LC

LC +V(t) =e(t)




D9 DO

s+ 2as + wi =0

At o > wy, we have the overdamped case.
At @ = wy, we have the critically damped case.

N a < wq., we have the underdamped case.




Overdamped Case (@ > w,)
From Egs. (8.9) and (8.10), « > wo 1mplies C > 4L/R2 When this
happens, both roots s, and s, are negative and real. The response 1s

v(t) = Ke™ + Ke™ +1

which decays and approaches zero as r increases. Figure 8.9(a) illus-
trates a typical overdamped response.



Critically Damped Case (@ = w,)
When @ = w,, C = 4L/R* and

S =85, = —a = —— (8.15)

v(t)=Ke ™ +K,te™ +1



Underdamped Case (@ < w,)
For a < wy, C < 4L/R*. The roots may be written as

51 = —a+ V—(02 — ) = —a + jo, (8.22a)
5= —a— V—(02—ad) = —a— jo, (8.22b)

where j = \V—1 and W, = \/w% — «~, which is called the damping
frequency. Both wy and w, are natural frequencies because they help
determine the natural response; while w, 1s often called the undamped
natural frequency, w, 1s called the damped natural frequency. The natural



V() = K,e eiat | K gr(eriont 4 q
=g~ (Kle"“’dt + K, e 1ot ) +1

=e | K, (cosm,t+ jsinwyt)+ K, (cosa,t — jsinwyt) [+1

=e | (K +K,)cosast + j (K, — K, )sina,t |+1
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